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MOTIVATION AND PRELIMINARIES

WHAT IS A PSEUDOVARIETY?

A pseudovariety is a class of finite semigroups that is closed under taking
subsemigroups, homomorphic images, and finite direct products.

EXAMPLE
S: consists of all finite semigroups.
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MOTIVATION AND PRELIMINARIES

WHY STUDYING PSEUDOVARIETIES?

Eilenberg’s correspondence

varieties of pseudovarieties of
rational languages finite semigroups
guag group!

combinatorial properties algebraic properties
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MOTIVATION AND PRELIMINARIES

THE kK-WORD PROBLEM OVER A PSEUDOVARIETY V

We use ~ to denote the implicit signature consisting of multiplication and
(w — 1)-power.

e Nswfl
535 —> 2 — 3 — — st /Sw:(sw)z
\ swtl

Fix an alphabet A. A x-word is an element of the free unary semigroup on
A over the signature k.

Given a pseudovariety V, solving the x-word problem over V consists in
deciding whether two given x-words have the same natural interpretation
on every semigroup of V.
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MOTIVATION AND PRELIMINARIES

WHAT DOES DRH MEAN?

Given a semigroup S, two elements s, t € S are said to be R-equivalent if
s is a prefix of t and t is a prefix of s.
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MOTIVATION AND PRELIMINARIES

WHAT DOES DRH MEAN?

Given a pseudovariety of groups H, DRH is the pseudovariety of all finite
semigroups whose regular R-classes lie in H.

Particular case: the pseudovariety R of all finite R-trivial semigroups.

Almeida, Zeitoun'2007: solved the k-word problem over R.

Schiitzenberger'1976/77: identified the varieties of rational languages
associated with pseudovarieties of the form DRH under Eilenberg's
correspondence.

Almeida, Weil'1997: described the structure of free pro-DRH semigroups.
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SOME NOTATION

QuV: free A-generated pro-V semigroup.
Its elements are called pseudowords over V.

o

(e]

Q% V: k-subalgebra of QaV generated by A.
Its elements are called x-words over V.

e}

pv - QAW — Q4V: natural projection whenever V C W.
o ¢(-): content function, that is, the projection psi(-) whenever SI C W.

Since every k-word has a natural interpretation on every finite semigroup,
it uniquely determines an element of (S C (2,5.

Thus, to solve the x-word problem over DRH amounts to decide if two
elements u, v € Q4S are such that ppry(u) = pprH(V).
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

UNIQUENESS OF THE LEFT BASIC FACTORIZATION OVER DRH

Let w € Q4DRH. Then, there is a unique factorization of the form
W= wy-a-w,
satisfying c(w) = c(wy) W {a}.

Such factorization is called the left basic factorization of w.
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:

W = wiag - Wy
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:

W = wiai - Woap - Wé
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:

W = wiay - Wpap - W3as - Wé
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:

W = Wiay - Woap - W3asz - - Wydg W,/(
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

We may iterate the left basic factorization of w to the right as follows:
W = Wiay - Woap - W3asz - - Wydg W,/(

We write Ibf,(w) = wyay, when defined.

DEFINITIONS
The cumulative content of w, denoted ¢(w), is
o the empty set if the above iteration stops;

o the ultimate value of c(w} ), otherwise.

The regular part of w is reg(w) = w/,, where m is the least integer such
that ¢(w) = c(w),).
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ABOUT THE PSEUDOVARIETY DRH

ON THE STRUCTURE OF FREE PRO-DRH SEMIGROUPS

PROPOSITION (ALMEIDA, WEIL'1997)

Let w € QADRH be such that ¢(w) = c(w). Then,

o all the accumulation points of the sequence (Ibfi(w) - - - Ibfx(w))k>1
belong to the same R-class, which is regular;

o if R is a regular R-class otﬁADRH (and hence, a group), and e is its
identity, then py|r : R — Qc(e)H is a homeomorphism.

COROLLARY

Let u, v be pseudowords over DRH. Then,
u = v if and only if u R v and reg(u) = reg(v) modulo H.
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THE k-WORD PROBLEM OVER DRH

THEOREM

A pseudovariety of groups H has decidable x-word problem if and only if
the same happens for the pseudovariety DRH.

Idea of proof of the “if” part. Let u,v € Q}S. Then,

u=v modulo H <= (uv)“u = (uv)”v modulo DRH.

Idea of proof of the “only if” part. On the next slides...
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THE k-WORD PROBLEM OVER DRH

A-LABELED DRH-TREES

A(v) € A'is such that
t A(v.{0,1}*) = A(v) W A(v.0{0,1}")

/ \ An(v) € QzoyH W {1}

/
©
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THE k-WORD PROBLEM OVER DRH

THEOREM
There exists a bijection

7 : {R-classes of QuDRH} — {A-labeled DRH-trees}.

Idea of goof.
Let w € Q4DRH, with left basic factorization given by w = wy - a - w,.

pr(reg(wy)), a

The DRH-tree The DRH-tree

representing [we]r  representing [w,]r
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THE k-WORD PROBLEM OVER DRH

THEOREM
There exists a bijection

7 : {R-classes of QuDRH} — {A-labeled DRH-trees}.

Fact: If wis a k-word whose left basic factorization is given by w = wy-a-w,,
then both w; and w, are x-words.

If wis a k-word over DRH and v is a node of m([w]r), then the label
AH(V) is a k-word as well.
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

abcab(a“*1b)~
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

ab - c-ab(a*tlp)*
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

¥
I, c ab-c-ab(a“Tlp)~

PN

“ap” Hab(anrlb)w”
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

¥
I/, c a-b

PN

“ap” Hab(anrlb)w”
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

¥
I/, c a-b

2O
ab(a“*t1b)”

ug wp
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

I,c abcab(a“*t1b)*

0 1

“ab(a“tlp)w"
(. (a+1b)
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

/,c a-b-(a¥*lp)w

0 1

“ab(a¥tlp)w”
(.b) (a*1b)
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

/,c a-b-(a¥*lp)w

1 H(anrlb)w”
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE
/,c atl. b (autip)w—t

@

1

1 Hanrl b(a‘*’*lb)‘*’*l”
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

I’ c ao.J-H .b- (aw+1b)w—1

2, P

! a, b

o\

uaw+11v “(anrlb)wfl"
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

I’ c ao.J-H .b- (aw+1b)w—1

Ao @,
A

0,3
Ea
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - CONSTRUCTING A DRH-TREE

I,c abcab(a“*t1b)*

2, P

! a, b
o/' 1
@ a, b

0 1

o
A
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THE k-WORD PROBLEM OVER DRH

PROPOSITION
Let 7 be a DRH-tree that represents the R-class of a x-word over DRH.
Then, one may obtain a finite structure by identifying pairs of states of 7

that are “equivalent”.
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - WRAPPING A DRH-TREE

I,c abcab(a“*t1b)*

2, P

! a, b

o/' 1
@ a, b

3

A
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - WRAPPING A DRH-TREE

I,c abcab(a“*t1b)*

Ao g
0 1
)

R
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THE k-WORD PROBLEM OVER DRH

EXAMPLE - WRAPPING A DRH-TREE

I,c abcab(a“*t1b)*

0 1
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THE k-WORD PROBLEM OVER DRH

How TO SOLVE THE kK-WORD PROBLEM OVER DRH?

Let v and v be k-words.

1. Compute finite DRH-automata representing the R-classes of u and v.

2. Compare these automata. Do they represent the same R-class?

(a) No: The k-words u and v do not represent the same element
over DRH;

(b) Yes: Solve the x-word over H for u and w.
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THE k-WORD PROBLEM OVER DRH

EXAMPLES OF APPLICATIONS

o The pseudovariety DRAb has decidable x-word problem.

o Let p be a prime number. If H 2 G, is a pseudovariety of groups, then
DRH has decidable k-word problem.
(Baumslag'1965)
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Thank youl!
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